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The critical resistivity p% x measured along the quantum Hall liquid-insulator transition line in- 
dicates a pronounced peak for a critical filling factor v a ~ 1. The origin of this behavior, which 
marks the crossover from the high to low magnetic field regime in the phase diagram, is explained 
in the framework of classical transport in a puddle network model. The proposed scenario is also 
consistent with the behavior of the critical Hall resistance along the transition line. In addition, a 
functional form is suggested as a fit for isotherms p xx {v), to be compared with experimental data 
in the moderately high field regime. 



The rich phase diagram of a disordered two- 
dimensional electron system in a perpendicular magnetic 
field consists of two prominent types of phases, distin- 
guishable by their transport properties at low tempera- 
tures (T). These include the quantum Hall (QH) liquid 
states, characterized by a quantized Hall resistivity p xy 
accompanied by p xx — > 0, and insulating states in which 
p xx — y oo. The transitions between adjacent phases have 
been extensively studied Jl|-||. More recently, there has 
been much progress in the experimental effort to map the 
phase diagram in the integer QH regime and thus 

test the theoretically predicted structure j§]7 In partic- 
ular, a transition line separating the conducting phases 
from the insulator was identified in the n-B plane (where 
n, the carrier density and B, the magnetic field, are the 
two independent control parameters). Along this line, 
in the moderately low B regime, direct transitions are 
observed from N > 1 QH states (TV integer) to the insu- 
lator 0. This behavior, and the overall structure of the 
diagram, are consistent with a numerical result based on 
the tight binding model for non-interacting electrons |j] . 

Comparison of the transport data along the conductor- 
insulator transition line (n c (B c )) in Refs. (|] and M indi- 
cates significant differences, particularly at low B (where 
the GaAs hole system studied in Ref. || exhibits a B = 
metal-insulator transition at a finite n c ). These can be 
attributed to sample dependent properties. However, the 
critical resistivity p c xx measured along this transition line 
exhibits a striking common feature (observed in other 
samples as well |l0| ] ) : it has a pronounced peak at v c ~ 1. 
Here v c is the critical value of the Landau level (LL) fill- 
ing factor (y = mp^/B, with 0o the flux quantum), so 
that v c ~ 1 marks the crossover from high to low B, 
where in the latter, more than one LL is significantly 
occupied. This crossover is also signified by the criti- 
cal Hall resistivity p c xy 0: for v c < 1 it is quantized at 
Pxy — h/e 2 , while above v c ~ 1 it exhibits a classical Hall 
effect p xy ~ h/v c e 2 . p c xx saturates to the universal value 
~ h/e 2 in the high B limit where v c — > 1/2. However, 
the peak value of p° xx is significantly elevated from h/e 2 
and sample dependent (~ 4h/e 2 in Ref. IJ, ~ 2h/e 2 in 
Ref. §). 

Since this puzzling behavior of p xx appears to be 



generic, it calls for a simple explanation of its physical 
origin. In this paper I show that the observed dependence 
of p xx on v, and in particular the peak of p xx at v c ~ 1, 
follow from a phenomenological model for the transport, 
formerly introduced to interpret data in the high B limit 
pT|,p2| . The essential assumption underlying this model 
is that near the transition from a QH liquid to the insula- 
tor, the transport is dominated by narrow junctions con- 
necting QH puddles; the puddles are defined by regions 
encircled by current carrying channels (edge states), and 
their typical size is assumed to be larger than a charac- 
teristic dephasing length. As a result, the longitudinal 
resistance of the sample is that of a classical random re- 
sistor network, and the Hall resistance is quantized pro- 
vided all the QH puddles are at the same filling factor. 
This scenario successfully explains the experimentally ob- 
served quantized Hall insulator phenomenon 0], as well 
as the ^-dependence of p xx || . More recently, a similar 
model for the transport was shown to be consistent with 
the transport properties at low B, in samples indicating 
a B = metal-insulator transition |l3j . 

It is useful to start by showing that in the high B limit, 
this model implies p xx m h/e 2 , regardless of the details 
of the disorder potential. In this limit only the lowest LL 
is occupied, hence all the QH puddles contain a single 
conducting channel. The longitudinal resistance of the 
junction j between adjacent puddles in the network is 
therefore given by the Landauer-Biittiker formula jlj] 

bp = hJh. (i) 

where T 3 ■ = 1 — IZj is the transmission probability across 
the junction; the Hall resistance R xy — h/e 2 for any j. 
As proven in Ref. JllJ , the global resistivity tensor of the 
sample conveniently separates into Hall and longitudinal 
components: p xy — h/e 2 , and p xx is set by the random 
network of the resistors {R J XX }- Namely, p xx » R%. x , 
p being the resistor at the percolation threshold of the 
distribution Jl5[ . The dependence of p xx on T and v is 
therefore determined by T p (T, v). For sufficiently high T 
such that quantum tunneling is neglected Jl3[ , 

T p {T,v) = f{e p -e F {v)), /( e ) = ; (2) 
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here €f(v) is the Fermi level, and e p is the energy of the 
saddle point at which the junction p is located. Employ- 
ing Eq. (||), one obtains 
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It follows immediately that the critical filling factor v C: 
defined such that p X x(y c ) is independent of T, obeys 
€f{v c ) = e p so that the exponent in Eq. (|3|) vanishes. 
Consequently, 
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Note that this argument can be extended to account 
for quantum tunneling across the junctions. Eq. (J2J) is 
then generalized to a Sommerfeld expansion of the form 

oo 

T p (T, „) = f(e p - e F {v)) + £ a n {T)f 2n \e p - e F {v)) , 

n=l 

(5) 

where f^ 2n '(x) is the 2n-th derivative of the Fermi func- 
tion. This yield a T-independent expression for BP XX 
provided all terms in the sum vanish. Since f^ 2n \x) = 
—f^ 2n H~ x )i tms occurs for ep{v) — e p , and once again 
p c xx w h/e 2 . It is also important to notice that the above 
argument for the universality of p c xx is not violated in the 
case where v c is different from 1/2 due to lack of particle- 
hole symmetry in the disorder potential. The only essen- 
tial assumption is the neglect of mixing with higher LL. 
An interesting example for a remarkable universality of 
p xx at arbitrary v c is provided by the transitions from a 
fractional QH liquid to the insulator ; this observation 
will be discussed towards the end of the paper. 

The above scenario changes once the magnetic field B 
(at a given n) is reduced to a point where states in the 
second LL are occupied. In terms of the configuration 
of conducting channels in real space, this corresponds to 
the formation of closed loops of a second channel at the 
Fermi level inside the QH puddles. The overall filling 
factor of the system is given by 



v =p[(l ~Ph) + v h Ph] 



(6) 



where p = Ai/A is the total area fraction of the con- 
ducting liquid, ph = Ah/Ai is the relative area fraction 
occupies by higher LL states and Vh>1 their local fill- 
ing factor. For a smoothly varrying disorder potential, 
Ph can be estimated noting that pn = 1*2 /r 2 , where ^1(2) 
is the average radius of the region surrounded by the first 
(second) LL channel in a typical QH puddle, and 
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A (2?) is either the cyclotron gap Tilo c or the Zeeman en- 
ergy gap for spin-resolved Landau bands, and K is the 



average curvature of the potential local minima. The 
critical filling factor v c for a transition to the insulator is 
then expressed as 
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where p c is the percolation threshold of the liquid, B c the 
critical field, and Bq is a sample dependent parameter: 
B = m*cKA v jhe(v h -\), B = KA p /2-Kgn B (i>h-l) for 
the spin-unresolved and spin-resolved cases, respectively 
(m* is the effective mass of the carriers, A p is the typical 
puddle area at percolation). Note that Eq. (||) is valid 
for < r 2 < ri, i.e. for p c < v c < VhPc) f° r a particle- 
hole symmetric potential p c — 1/2, hence the expression 
describes an interpolation between v c ~ 1/2 (at high B) 
and v c ~ v-hjl. Neglecting the occupation of LL with 
N > 2, Vh ~ 2 and the upper limit of this regime is 
v c r-j 1. The critical density is then given by 
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which is indeed a reasonable fit to the shape of the critical 
line n c (B c ) in Ref. fi, for v c < 1. 




FIG. 1. The configuration of conducting channels near a 
typical junction connecting adjacent QH puddles. 

More interesting is the effect of occupied higher LL 
states on p xx as v c — > 1. In the regime v c < 1, corre- 
sponding to ph < 1, these states are localized, forming 
closed loops inside the QH puddles. A typical junction 
in the network of conducting channels is schematically 
depicted in Fig. 1. As pj, ^ 1, the localized high LL 
states are coupled to the primary conducting channels 
via tunneling through occasional weak links (dashed lines 
in the figure), and thus play the role of resonant scatter- 
ers which induce backscattering across the conducting 
regions. Denoting this backscattering rate close to the j- 
th junction by Tj, and neglecting quantum interference 
between the two reflection paths |l6| , the effective trans- 
mission through the junction is reduced by a factor of 
(1 — Tj). The junction resistance becomes 
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The entire distribution of resistors in the random net- 
work is thus shifted up, and consequently the network 
resistance (determined as usual by the percolative resis- 
tor RP. X ) is 
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Here I assumed that the dependence of T p on T is neg- 
ligible compared to the transmission across the junction, 
which involves an energy barrier. Eq. ( |Tl| ) clearly implies 
that the T dependence disappears at a single value of the 
filling factor v c where cf^c) = e P , as in the high B limit. 
However, the value of the critical resistivity thus defined 
is modified: 
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For v c < 1, the area fraction increases, implying that 
T p is obviously an increasing function of v c (the explicite 
behavior of T p (v c ) depends on details of the disorder po- 
tential). As a result, p xx grows with v c towards the limit 
case v c ~ 1. 

Another characteristic of the v c < 1 (high B) regime is 
that in the entire range of parameters where the classical 
transport scenario is valid, the Hall resistance maintains 
the quantized value p xy = h/e 2 . This follows from the 
fact that the Hall resistance of each junction as depicted 
in Fig. 1 is determined by the chemical potential differ- 
ence between parallel right and left moving conducting 
channels, which is not affected by the modified transmis- 
sion probability and yields R? xy = h/e 2 for any j. 

The case where v c ~ 1 marks a crossover to a low B 
regime. From Eq. (|^) (assuming p c w 1/2, w 2), 
v c = 1 corresponds to T2 ~ r%, which means that the 
average size of regions with a local filling fraction v > 2 
coincides with the average size of the conducting regions 
jl7j| . Beyond this threshold value of v c , higher LL states 
are delocalized, adding conducting channels to the perco- 
lating (or nearly percolating) network. As a consequence, 
the resistance of a typical junction W xx acquires a form 
similar to Eq. (|l0|), reduced by an overall factor of 1/N , 
where N is the number of conducting channels that are 
clamped together. Note that Tj then describing scatter- 
ing to partially occupied LL higher then N. The resulting 
critical value of the global longitudinal resistivity is then 
reduced compared to its value at v c ~ 1, and is given by 
an expression of the form 
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Here both TV and T p depend on v c in a complicated man- 
ner, hence the actual behavior of p xx at v c ^> 1 (B — » 0) 
is expected to be strongly sample dependent. Indeed, in 
Ref. p xx — + in this limit, while in Ref. || it satu- 
rates back to p L xx ~ h/e 2 . However, in proximity to the 
threshold u c ~ 1 the generic trend is a reduction of p xx 



when v c is increased beyond unity. It therefore follows 
that this crossover between the high and low B regimes 
is indicated by a peak in the critical resistance. 

The increasing number of conducting channels 
'clamped' together in the low B regime also modifies the 
Hall resistance, since {R J xy } are no longer identical. As 
argued in Ref. ]Tl[] , the pure transverse component of the 
resistivity measured across the sample can be expressed 
as 
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where Jj is the local current through the i-th QH puddle 
between the voltage probes, and TVj its local filling factor. 
This yields a quantized value only provided all the iVj's 
are identical. This is no longer the case for v > 1: Eq. 
(Ilif ) generally describes a weighted average in which the 
weight of terms with Ni > 1 is monotonically increasing 
with v. As a result p xy ~ h/ve 2 , as in the classical Hall 
regime. Along the critical line, this implies p c xy ~ h/v c e 2 . 
The transition points in the vicinity of integer values N > 
1 of v c correspond to the cases where a majority of the 
QH puddles consists of a unique filling factor N. They 
therefore characterize direct transitions from N > 1 QH 
phases to the insulator. 

The role of mixing with high LL does not only lead 
to violation of the universality of p xx : naturally, the be- 
havior of p xx {v, T) across the transition is also modified. 
Indeed, in the high B limit, isotherms p xx vs. v can be 
fitted to a simple formula || 
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where Av — v — v c and vq{T) ks aT + {3. This formula ex- 
hibits a duality symmetry p xx (Av) — p xx (—Av), which 
is eventually violated in the lower B regime. The anal- 
ysis presented in this paper implies a specific modifica- 
tion of the above formula, which can be used as a test 
for the proposed transport scenario. As shown in Ref. 
|12i , the simple exponential dependence on Av in Eq. 
( 1l5| ) can be derived from the energy dependent expres- 
sion Eq. (||) (with an effective activation temperature) 
assuming a parabolic shape of the barriers, such that 
(e p — £f(^)) oc (— Av). Employing the same approxima- 
tion in the moderately high B regime, where the resistiv- 



ity is given by Eq. 
t° Pxx through Eq. 



and relating the parameter T p 
the isotherms acquire the form 
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In Fig. 2, a few such isotherms are plotted for a case 
where p% x is considerably elevated from h/e 2 . Note that 
for Av > 0, \ogp xx vs. Av curve upward compared to 
the straight line expected from the symmetric formula 
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FIG. 2. The longitudinal resistivity (normalized in 
units of p c xx ) on a log scale as a function of filling fac- 
tor, computed from Eq. for p% x = 2.2/i/e 2 , and 
u = 0.079,0.11,0.125,0.15,0.175,0.2 (u = 0.079 is the 
steepest curve). 



Eq. (|15|). A preliminary comparison with experimental 
data (e.g. Ref. [El) confirms this behavior. 

Finally, it is interesting to comment on the application 
of the transport model described here for transitions from 
the fractional QH state 1/3 to the insulator. Experimen- 
tally Q , the transport data exhibit the same behavior as 
near the integer transitions: e.g., Eq. (15) is obeyed 
replacing v by an effective filling factor of composite 
Fcrmions. This suggests that a similar model describes 
here the d.c. transport properties of composite Fermions. 
In particular, high LL of Fermions correspond to the hi- 
rarchy fractions 2/5,3/7 etc. In analogy with the inte- 
ger case, occupation of localized high LL Fermion states 
would imply the formation of incompressible regions in 
the disordered sample at these filling fractions. However, 
in contrast with the integer case, the energy gap sup- 
porting such regions is tiny. As a result, a mechanism for 
enhancing the resistance by backscattering through local- 
ized high LL states is expected to be practically absent. 
This possibly explains the observation that the duality 
symmetry in p XXl as well as the universality of p xx that 
comes with it, are better manifested by data near the 
fractional transitions. 
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